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Abstract
The nonperturbative fermion-boson vertex function in four-dimensional
Abelian gauge theories is self-consistently and exactly derived in terms of
a complete set of normal (longitudinal) and transverse Ward-Takahashi rela-
tions for the fermion-boson and the axial-vector vertices in the case of massless
fermion, in which the possible quantum anomalies and perturbative correc-
tions are taken into account simultaneously. We find that this nonperturbative
fermion-boson vertex function is expressed nonperturbatively in terms of the
full fermion propagator and contains the contributions of the transverse axial
anomaly and perturbative corrections. The result that the transverse axial
anomaly contributes to the nonperturbative fermion-boson vertex arises from
the coupling between the fermion-boson and the axial-vector vertices through
the transverse Ward-Takahashi relations for them and is a consequence of
gauge invariance.




It is well known that the interactions determine the structure and properties of any the-
ory, and the basic interactions are described by the interaction vertices. The fermion-boson
vertex in gauge theories is such basic interaction. In perturbation theory emploied for the
processes in which the interactions are weak the interaction vertices are well dened and can
be computed order by order. On the other hand, the strong interaction phenomena such
as the hadronic structure at low-energy scale and the nature of connement in QCD can
only be studied by nonperturbative approach. The Dyson-Schwinger equation(DSE) formal-
ism[1] is such an appropriate nonperturbative approach, which provides a natural way to
study the dynamical chiral symmetry breaking, connement and other problems of hadronic
physics[2]. In undertaking nonperturbative studies of gauge theories using DSEs, we imme-
diately have to confront the issue of what is the nonperturbative form of the fermion-boson
vertex function. This is because the DSEs are an innite set of coupled integral equations
which relate the n-point Green function to the (n+1)-point function; at its simplest, prop-
agators are related to three-point vertices. Therefore, we must nd an adequite scheme
in a gauge-invariant manner to truncate consistently this set of equations so that we are
able to actually solve the DSEs. Finding the nonperturbative form of the fermion-boson
vertex is needed to accomplish such truncation of the innite set of equations, as well as is
responsible for determining the nonperturbative behavior of the propagators. Indeed, recent
studies utilising the DSE approach show that the chiral symmetry restoration transition is
strongly dependent on the nonperturbative structure of the interaction kernel in the infrared
region[3].
Naturally, the basic approach to nd the nonperturbative fermion-boson vertex is to use
the Ward-Takahashi(WT) relations[4] since the normal WT relation for the vertex relates
the fermion-boson vertex (i.e. the vector vertex) to the full fermion propagetor, which is
satised perturbatively as well as nonperturbatively. But the normal WT relation species
only the longitudinal part of the vertex, leaving the transverse part unconstrained. How
to solve exactly the transverse part of the vertex and thereby the full vertex function then
becomes a crucial problem [2,5]. Although there have been considerable eorts to construct
the transverse part of the vertex in terms of an ansatz which satises some constraints[5],
however, all such attempts remain ad hoc [2]. These constraints may serve as a guide to
possible structure of nonperturbative vertex but can not derive the true nonperturbative
vertex. Obviously the key point to obtain the complete constraints on the vertex must be
to study the WT type constraint relations for the transverse part of the vertex, i.e., the
transverse WT relations[6,7,8], since the longitudinal part of the vertex is specied by the
normal WT relation. In Ref.[8], we studied the transverse WT relation for the fermion-
boson vertex. It showed that in order to obtain the complete solution for the fermion-boson
vertex function one needs to build simultaneously the WT relations for the axial-vector and
the tensor vertex functions as well. Up to the eects of possible quantum anomalies and
perturbative corrections, this problem was solved by He in Ref.[9]. However, the symmetry in
the classical theory may be destroied in the quantum theory by the quantum anomaly arising
from the fermion-loop diagram. The well-known example is the anomalous nonconservation
of the four-dimensional axial current, expressed by the anomalous axial-vector divergence
equation, which is known as the axial anomaly or the Adler-Bell-Jackiw(ABJ) anomaly
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[10]. Hence the normal WT relation for the axial-vector vertex is modied by ABJ anomaly.
Recently we found the anomalous axial-vector curl equation besides the ABJ anomaly, which
is called the transverse axial anomaly[11]. As a consequence, the transverse WT relation for
the axial-vector vertex is modied by the transverse axial anomaly.
In this Latter we further derive the nonperturbative fermion-boson vertex function in
four-dimensional Abelian gauge theories by self-consistently solving a set of normal and
transverse WT relations for the vector and the axial-vector vertex functions in momentum
space in the case of massless fermion without any ansatz, in which the possible quantum
anomalies and perturbative corrections are taken into account simultaneously. The error
arose due to the inconsistent treatment in the previous study of the transverse part of the
fermion-boson vertex[9] is also corrected by fully self-consistent procedure.
The result shows that the full fermion-boson vertex function is expressed nonperturba-
tively in terms of the full fermion propagator and contains the contributions of perturbative
corrections and the transverse axial anomaly. Such a full fermion-boson vertex function is
true nonperturbatively as well as perturbatively because it is determined completely by the
longitudinal and transverse WT relations which are satised nonperturbatively as well as
perturbatively. It is particular interesting to nd that the nonperturbative fermion-boson
vertex function contains the contribution of the transverse axial anomaly that appears origi-
nally in the transverse WT relation for the axial-vector vertex, which has never been obtained
so far by the normal perturbative calculation for the vector vertex. This result arises from
the coupling between the vector and the axial-vector vertices through the transverse WT re-
lations for them. We notice that the WT relations and the appearance of quantum anomalies
are the consequences of local gauge invariance. Thus, the nonperturbative fermion-gauge-
boson vertex function which are deduced exactly from the WT relations maintains the gauge
invariance.
This paper is organized as follows. In Sec.II, we present a set of normal and transverse
WT relations for the vector and the axial-vector vertex functions, where the possible quan-
tum anomalies and perturbative corrections are taken into account simultaneously. Based
on this set of WT relations, in sec.II we derive the nonperturbative fermion-boson vertex
function in the case of massless fermion by fully self-consistent procedure. Conclusions and
discussions are given in Sec.IV.
II. NORMAL AND TRANSVERSE WARD-TAKAHASHI RELATIONS FOR THE
VECTOR AND THE AXIAL-VECTOR VERTEX FUNCTIONS
The normal (longitudinal) WT identities for the vector and the axial-vector vertex func-
tions in momentum space are well-known :
qµΓ
µ
V (p1; p2) = S
−1
F (p1) − S−1F (p2); (1)
qµΓ
µ
A(p1; p2) = S
−1
F (p1)γ5 + γ5S
−1
F (p2) + 2mΓ5(p1; p2) + i
g2
162
F (p1; p2); (2)
where q = p1 − p2, m is the fermion mass, ΓµV , ΓµA, and Γ5 are the vector, the axial-vector,
and the pseudo-scalar vertex functions in momentum space, respectively, and SF (p1) is the
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full fermion propagator. F (p1; p2) denotes the contribution of the axial anomaly or the ABJ




i(p1x1−p2x2−qx)h0jT (x1)  (x2)"µνρσFµν(x)Fρσ(x)j0i
= (2)44(p1 − p2 − q)iSF (p1)F (p1; p2)iSF (p2): (3)
The normal WT identities (1) and (2) specify only the longitudinal parts of the vector
and the axial-vector vertices, respectively, leaving the transverse parts unconstrained. In
coordinate space they are related to the divergence of the time-ordered products of the
three-point Green functions involving the corresponding current operators.
In the canonical eld theory the transverse WT relations for the vector and the axial-
vector vertices in coordinate space are related to the curl of the time-ordered products
of the three-point functions involving the vector and the axial-vector current operators,
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[γµ; γν ]. The Wilson line
UP (x
0; x) = P exp(−ig ∫ x′x dyρAρ(y)) is introduced in order that the operators be locally
gauge invariant, where Aµ is the gauge elds. In the QED case, g = e and Aρ is the photon
eld. In the QCD case, Aρ = A
a
ρT
a, Aaρ are the non-Abelian gluon elds and T
a are the
generators of SU(3)c group. The last term of Eq.(5) is the the contribution of the transverse
axial anomaly expressed by the anomalous axial-vector curl equation[11]












ρ (x) − "αβνρFαβ(x)F µρ (x)]; (6)
where the last term is the transverse axial anomaly for the curl of the axial-vector current,
which is dierent from the ABJ anomaly expressed by the anomalous axial-vector divergence
equation[10].
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The transverse W-T relations for the vector and the axial-vector vertex functions can
be written in more clear and elegant form in momentum space by computing the Fourier
transformation of Eqs.(4) and (5). In terms of the standard denition for the Fourier trans-
formation of the three-point functions, we obtain
iqµΓνV (p1; p2) − iqνΓµV (p1; p2)
= S−1F (p1)








λµνρΓAρ(p1; p2; k); (7)
and
iqµΓνA(p1; p2) − iqνΓµA(p1; p2)
= S−1F (p1)





λµνρΓV ρ(p1; p2; k) +
g2
162
F µν(T )(p1; p2); (8)
where q = p1−p2, ΓµνT is the tensor vertex function in momentum space. F µν(T )(p1; p2) denotes




i(p1x1−p2x2−qx)h0jT (x1)  (x2)["αβµρF νρ (x) − "αβνρF µρ (x)]Fαβ(x)j0i
= (2)44(p1 − p2 − q)iSF (p1)F µν(T )(p1; p2)iSF (p2): (9)
Note that here F µν(T )(p1; p2) is equal to K
µν(p1; p2) dened in Ref.[11]. In Eqs.(7) and (8),
ΓV ρ(p1; p2; k) and ΓAρ(p1; p2; k) involve the internal momentum k of the gauge boson ap-
pearing in the Wilson line and hence are the higher-order contributions of ΓV ρ(p1; p2) and
ΓAρ(p1; p2), respectively. Their contributions were negelected in Refs.[8,9]. The integrals
in Eqs.(7) and (8) can be written order by order. For example, to the one-loop order the
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[gαβ + ( − 1)kαkβ
k4
]; (10)
where k^ = γ  k, and  is the covariant gauge parameter. The last two terms in the right-
hand side of Eq.(10) are the one-loop self-energy contributions accompanying the vertex
correction. The integral in Eq.(8) can be written similarly. Therefore, the terms involving
the integrals over the internal momentum k correspond to the perturbative corrections to
the vertices. It can be veried that the transverse WT relations (7) and (8) are satised at
one-loop order in perturbation theory, and then can be further veried that they should be
satised at each order in perturbation theory since the perturbative correction terms in the
WT relations (7) and (8) can be written order by order.
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It is easy to show that Eqs.(7) and (8) specify the transverse parts of the vertices [8,9].
Eqs.(7) and (8) show that the transverse parts of the vector and the axial-vector vertex
functions are coupled each other through the transverse WT relations for them. It implies
that the transverse parts of the vector and the axial-vector vertex functions are not indepen-
dent of each other in four-dimensional spacetime. Thus, some properties of the axial-vector
vertex function, for instance, the transverse axial anomaly that appears originally in the
transverse WT relation for the axial-vector vertex, will also contribute to the vector vertex
function.
Now we have the normal WT identities (1) and (2), which impose the constraints on
longitudinal parts of the vector and the axial-vector vertex functions, respectively, and the
transverse WT relations (7) and (8), which impose the constraints on transverse parts of
these vertex functions. In general, this set of WT relations are not enough to determine
the complete solutions of the vector and the axial-vector vertex functions because this set
of WT relations involve the terms mΓS and mΓ
µν
T where m is fermion mass. However, in
the limit with zero fermion mass, the contributions from the pseudo-scalar and the tensor
vertex functions disappear and hence Eqs.(1), (2), (7) and (8) form a complete set of WT
relations for the vector and the axial-vector vertices. Then we can solve this set of WT
relations to obtain the full vector and the axial-vector vertex functions in terms of the
fermion propagator and perturbative corrections.
III. NONPERTURBATIVE FERMION-BOSON VERTEX FUNCTIONS
We now derive the full fermion-boson vertex function ΓµV by consistently and exactly
solving the set of WT relations for the vector and the axial-vector vertex functions, given by
Eqs.(1), (2), (7) and (8), in the case of massless fermion. To do this, we multiply both sides





right-hand side of the equations. We thus have
q2ΓµV (p1; p2) = q
µ[qνΓ
ν










λµνρΓAρ(p1; p2; k); (11)
q2ΓµA(p1; p2) = q
µ[qνΓ
ν
A(p1; p2)] + iS
−1
F (p1)qν
µνγ5 − iqνµνγ5S−1F (p2)
+i(p1λ + p2λ)qν"











(T )(p1; p2): (12)
By substituting Eq.(12) into Eq.(11) and using Eqs.(1) and (2), after some lengthy com-
putation we obtain the following full fermion-boson vertex function in the case of massless
fermion
ΓµV (p1; p2) = [q
2 + (p1 + p2)
2 − ((p1 + p2)  q)2q−2]−1








µλ − µλS−1F (p2)](p1λ + p2λ)
+i[S−1F (p1)
λν − λνS−1F (p2)]qν(p1λ + p2λ)qµq−2
−i[S−1F (p1)µν − µνS−1F (p2)]qν(p1 + p2)  qq−2
+i[S−1F (p1)




2 − qµ(p1 + p2)  qq−2]q−2











−2qνqσ"λµνρF (T )ρσ (p1; p2)g (13)
with











λµνρΓAρ(p1; p2; k); (14)
where the terms involving CµV +A arise from the perturbative corrections. The explicit form
of CµV +A can be written after performing the loop-integrals and the expression is rather
lengthy, which will be discussed elsewhere. The last term of Eq.(13) is the contribution of
the transverse axial anomaly. The coupling between the vector and the axial-vector vertices
through the transverse WT relations for them, Eqs.(7) and (8), leads to that the transverse
axial anomaly which appears originally in the transverse WT relations for the axial-vector
vertex contributes to the fermion-boson (vector) vertex function.
We can also write the full fermion-boson vertex function as a sum of its longitudinal and
transverse parts:
ΓµV (p1; p2) = Γ
µ
V (L)(p1; p2) + Γ
µ
V (T )(p1; p2) (15)
with
ΓµV (L)(p1; p2) = q
−2qµ[S−1F (p1) − S−1F (p2)]; (16)
ΓµV (T )(p1; p2) = [q
2 + (p1 + p2)
2 − ((p1 + p2)  q)2q−2]−1
fiS−1F (p1)µνqν + iµνqνS−1F (p2)
+i[S−1F (p1)
µλ − µλS−1F (p2)](p1λ + p2λ)
+i[S−1F (p1)
λν − λνS−1F (p2)]qν(p1λ + p2λ)qµq−2
−i[S−1F (p1)µν − µνS−1F (p2)]qν(p1 + p2)  qq−2
+i[S−1F (p1)




2 − qµ(p1 + p2)  qq−2]q−2











−2qνqσ"λµνρF (T )ρσ (p1; p2)g: (17)
We note that this result improves the previous expression given by Eq.(26) of Ref.[9] in
following aspects: The contributions of the transverse axial anomaly and the perturbative
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corrections denoted by CµV +A are included. Besides, in the process of deriving Eq.(26) of
Ref.[9] we used inconsistently the formula
(p1µ + p2µ)Γ
µ
V (p1; p2) = 2mΓS(p1; p2) + S
−1
F (p1) + S
−1
F (p2); (18)
which led to the error in the expression of the transverse part of the fermion-boson vertex
in the previous study[9]. This defect is overcomed in present work by the self-consistent
iteration procedure and now the result is corrected. In this paper, Eqs.(13) and (17) are
derived exactly and self-consistently by means of WT relations (1), (2), (7) and (8) without
any approximation.
The full fermion-boson vertex function now is expressed nonperturbatively in terms of
the full fermion propagator and contains the contributions of the transverse axial anomaly
and the perturbative corrections given by terms involving CµV +A. This is the nonperturba-
tive form of the fermion-boson vertex function because this vertex function is completely
determined in terms of a set of WT relations which are true nonperturbatively.
Above results are given in the Abelian case. In QCD case we usually consider the
three-point functious involving the current operators, jµ(x) =  (x)γµ λ
a
2




 (x), respectively, where a are the generators of flavour SU(n) group. In such
case, for the axial currents of non-Abelian QCD, the anomaly equation should be the Abelian
result, supplemented by the appropriate group theory factors. Besides, the relative results
of present work will be modied by putting the generator factors into suitable position in
each term of corresponding relations. For the case of eective QCD with Faddeev-Popov
ghost elds, the transverse WT type relations need to be studied further.
IV. CONCLUSIONS AND DISCUSSIONS
In this paper we have derived the nonperturbative form of the full fermion-boson vertex
function in four-dimentional Abelian gauge theories in terms of a complete set of normal (lon-
gitudinal) and transverse WT relations for the vector and the axial-vector vertex functions
in the case of massless fermion, in which the possible quantum anomalies and perturba-
tive corrections have been taken into account simultaneously. The longitudinal part of the
vertex is specied nonperturbatively by the normal WT relation for the vertex in terms of
the fermion propagator, while the transverse part of the vertex is completely determined by
a set of transverse WT relations for the vector and the axial-vector vertex functions (the
longitudinal WT relations do not contribute to the transverse part of the vertex). The error
arose from the inconsistent treatment in the previous study[9] of the fermion-boson vertex
has also been corrected by fully self-consistent procedure.
The result shows that the full fermion-boson vertex function is expressed nonperturba-
tively in terms of the full fermion propagator and contains the contributions of the transverse
axial anomaly and perturbative corrections. Such a full fermion-boson vertex function is true
nonperturbatively as well as perturbatively because it is determined completely by the WT
relations which are satised both nonperturbatively and perturbatively. It is easy to check
that this vertex function has correct perturbative limit. Indeed, if the fermion propagator is
taken as bare one and the eect of quantum anomaly is neglected, then the vertex given by
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Eq.(13) is reduced to bare one, ΓµV (p1; p2) ! γµ. The one-loop vertex function can be ob-
tained by substituting the one-loop propagator and including the contributions of integrals
over k shown in Eqs.(7) and (8), which will be discussed elsewhere.
The nonperturbative fermion-boson vertex function given by Eq.(13) or Eqs.(15)-(17)
is written in the general form. In the practical application to the DSE for the fermion
propagator, the full fermion propagator SF (p) is usully expressed nonperturbatively in terms
of two Lorentz scalar functions, F (p2) the wavefunction renomalization and M(p2) the mass
function, so that SF (p) = F (p
2)=[γ  p−M(p2)] ( SF (p) can also be written in the way that
S−1F (p) = A(p
2)γ p−B(p2) ). Substituting the expression of SF (p) into Eq.(13) or Eqs.(16)-
(17), then the full fermion-boson vertex function can be expressed nonperturbatively in terms
of F (p2) and M(p2) (or A(p2) and B(p2)). Ball and Chiu have shown how to construct the
longitudinal part of the vertex in a way free of kinematic singularities[5]. According to the
way discribed by Ball and Chiu, in priciple, there is no diculty to rewrite the transverse
part of the vertex in a manner free of kinematic singularities.
We note that, as is well-known, the WT relations are essential in the renormalization
programme of any theory. In fact, one of the goals of the renormalization of the theory
is precisely to transform the formal WT relations into relations among renormalized nite
quantities. It has been veried[12] that the consequence of a symmetry in terms of WT
relations is consistent with renormalization, and the renormalized Green functions satisfy
the WT relations as a trivial consequence of multiplicative renormalizability. Therefore,
the fermion-boson vertex determined completely in terms of the WT relations should be
consistent with the multiplicative renormalizability.
It is particular interesting to notice that the nonperturpative fermion-boson vertex func-
tion involves the contribution of the transverse axial anomaly that appears originally in the
transverse WT relation for the axial-vector vertex. As we known, the normal perturbative
calculation of the fermion-boson vertex has never led to such result. This result arises here
due to the coupling between the transverse components of the vector and the axial-vector
vertices through the transverse WT relations for them. Note that the appearance of the
transverse axial anomaly and the ABJ anomaly is a consequence of local gauge invariance.
On the other hand, it is well known that the WT relations are the fundamental consequence
of local gauge invariance. Hence the appearance of the transverse axial anomaly in the non-
perturbative fermion-boson vertex function is a natural consequence of gauge invariance.
Thus, applying this nonperturbative fermion-boson vertex function, which are determined
completely in terms of the WT relations, to the Dyson-Schwinger equations in Abelian the-
ories will provide an adequate scheme for truncating the innite set of coupled DSEs in a
gauge-invariant manner. Up to the eects of quantum anomaly and the perturbative cor-
rections given by the loop-integrals in Eqs.(7) and (8), the DSEs will form a self-consistent
and closed system for the fermion and gauge-boson propagators but the local gauge invari-
ance may be lost. The price of ensuring gauge invariance for truncating the innite set of
DSEs is the anomalous breaking of the closed DSE system for the full propagators. This
situation seems to be very similar to that for the axial current, in which the price of re-
quiring gauge invariance is the anomalous nonconservation of the axial current. This result
may have an interesting implication for the DSE approach. It implies that the quantum
anomaly may play a signicant role in the nonperturbative studies of gauge theories using
Dyson-Schwinger equation formalism, which involves a deeper aspect of the gauge theories
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and needs to be studied further.
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